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Abstract

The first part of the notes concerns the basic results of electromagnetic field inten-
sity enhancement calculation between probe and wafer in the electrostatic limit.

1 Introduction

Now it is well known that electromagnetic field concentration and amplifi-
cation between probe and wafer is a crucial factor to observe tip-enhanced
Raman scattering phenomena. The value of the field intensity enhance-
ment can be in principal calculated by numerical solving of Maxwell equa-
tions together with proper boundary conditions. However, such a numer-
ical simulation requires substantial computational resources and does not
allow to study immediately the dependence of the field intensity distribu-
tion on the system geometry and configuration.

In these notes we present the results of an approximate calculation using
some simplifying assumptions. Although the calculation precision is not
very high, this approach allows one to estimate quite fast the enhancement
at least up to the order of magnitude, to obtain the field intensity as a
function of system parameters, and to determine what crucial points prove
very important in the system design and construction.

Let us consider an electromagnetic wave propagation in the homogeneous
medium (e.g., air) above a smooth horizontal metallic wafer (which we
take into account as a homogeneous half-space) in presence of the metallic
probe located near the wafer (see Fig. 1). We describe the probe, wafer
and medium materials via their complex dielectric permittivities (first sim-
plification), so the system of Maxwell equation reduces to the system of
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Figure 1: The geometry of the system: a planar P-polarized wave with wavelength λ and
wave-vector k propagating through the medium with permittivity ε0(λ) falls onto a plane
surface of the metallic wafer with permittivity ε1(λ). A metallic probe with permittivity
ε2(λ) is embedded inside the medium close to wafer at a distance d, and we are interested
in the electromagnetic field intensity distribution near the probe tip.
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Helmholtz equations on the electric field components for each of three
corresponding space regions.

Suppose now that both the radius of curvature of the probe tip and the
distance between probe and wafer are much less than incident wavelength.
Than, as we are interested in the field distribution close to the probe tip, we
may consider the problem in the electrostatic limit (second simplification)
and reduce the Helmholtz equations to the Laplace equations much easier
to solve.

Following this program, in the second section we adduce explicit expres-
sions for the field components and the field intensity near the probe tip
in the electrostatic limit. The results are based on formulas quoted in
papers [1]–[6]. In the third section we show figures clearly demonstrating
the possibility of enormous field amplification and discuss the necessary
conditions to reach it. Finally, the fourth section is a short conclusion.
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2 Field computation

The configuration of the system under investigation is shown on Fig. 1
(for P-polarized case). A planar wave with wavelength λ and wave-vector
k propagating through the medium with permittivity ε0(λ) falls onto a
plane surface of the metallic wafer with permittivity ε1(λ). A metallic
probe with permittivity ε2(λ) is embedded inside the medium close to
wafer at a distance d, the probe tip curvature radius is R. The wave
incident angle is Θi, the refraction angle is Θt; those being related via
Snell’s law:

sin Θi

sin Θt
=

√
ε1

ε0
.

Suppose the incident wave being polarized and expand the initial electric
field Ei of the wave onto S-component E

(S)
i and P-component E

(P )
i . In

absence of the probe the fields Eu and Ed above and under the boundary
surface are described by Fresnel formulas1:

E(x)
u = E

(x)
d = E

(P )
i · 2 cos Θi cos Θt

cos Θt +
√

ε1 cos Θi
,

E(y)
u = E

(y)
d = E

(S)
i · 2 cos Θi

cos Θi +
√

ε1 cos Θt
,

E(z)
u = ε1 E

(z)
d = E

(P )
i · 2ε1 cos Θi sin Θt

cos Θt +
√

ε1 cos Θi
,

so that the field intensity distribution along the wafer surface is uniform.
But the presence of the probe redistribute the field energy density collect-
ing most of it under the probe tip.

Assuming (in view of the aforesaid) the condition d,R ¿ λ, we consider
the problem in the electrostatic limit. The electric field inside the medium
(E0), wafer (E1) and probe (E2) can be expressed via corresponding po-
tentials Φ0, Φ1, and Φ2 as follows:

E0 = −∇Φ0, E1 = −∇Φ1, E2 = −∇Φ2.

The potentials satisfy the equations

∆Φ0 = ∆Φ1 = ∆Φ2 = 0
1In what follows for simplicity we put ε0(λ) ≡ 1; the generalization to the case ε0 6= 1 is obvious.
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and boundary conditions

Φ0 = Φ1,
∂

∂n
Φ0 = ε1

∂

∂n
Φ1 at wafer surface,

Φ0 = Φ2,
∂

∂n
Φ0 = ε2

∂

∂n
Φ2 at probe surface,

Φ0 ∼ −Eur, Φ1 ∼ −Edr at r →∞.

To step further, it is convenient to introduce the bispherical coordinates
σ, τ , ϕ instead of Cartesian X,Y,Z

X = ρ cos φ, Y = ρ sin ϕ, ρ =
√

X2 + Y 2,

ρ = a
sin σ

cosh τ − cos σ
, Z = a

sinh τ

cosh τ − cos σ
,

τ =
1

2
ln

ρ2 + (z + a)2

ρ2 + (z − a)2 , σ = arccos
ρ2 + z2 − a2

[(ρ2 + (z + a)2)(ρ2 + (z − a)2)]1/2 ,

−∞ < τ < +∞, 0 ≤ φ < 2π, 0 ≤ σ ≤ π,

where a =
√

d2 −R2. Note, the surface τ = 0 corresponds to the wafer
boundary, while the surface

τ = τ0
def
= log

d + a

R

corresponds to the probe boundary.

Now the local amplification of the field intensity at a given point can be
expressed via Φ0 function as follows:

I

I0
=

(cosh τ − cos σ)2

a2 ·
|∂τΦ0|2 + |∂τΦ0|2 +

1

sin2 σ
|∂ϕΦ0|2

∣∣∣E(P )
i

∣∣∣
2
+

∣∣∣E(S)
i

∣∣∣
2 ,

and the remaining question is: how to calculate the Φ0 function?

Omitting intermediate calculations let us present here only the final result.
The function Φ0 can be written as combination of two Fourier series:

Φ0 =
(
−ρ +

√
cosh τ − cos σF ρ

0

)(
E(x)

u cos ϕ + E(y)
u sin ϕ

)

+
(
−z +

√
cosh τ − cos σF z

0

)
E(z)

u
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where

F ρ
0 =

∞∑
n=1

Aρ
nP

1
n(cos σ)

(
e(n+ 1

2)τ +
1− ε1

1 + ε1
e−(n+ 1

2)τ

)

F z
0 =

∞∑
n=1

Az
nPn(cos σ)

(
e(n+ 1

2)τ +
1− ε1

1 + ε1
e−(n+ 1

2)τ

)

Here Pn(cos σ) is the ordinary Legendre polynomial, while P 1
n(cos σ) is the

adjoint Legendre function:

P 1
n(cos σ) = − sin σP ′

n(cos σ).

To determine the expansion coefficients one should solve the band system
of linear equations for Aρ

n

(n− 1)

(
1− ε1

1 + ε1
e−2nτ0 − 1 + ε2

1− ε2
e−τ0

)
· Aρ

n−1

+

[(
1 +

1− ε1

1 + ε1
e−(2n+1)τ0

)
sinh τ0

+ (2n + 1)

(
1 + ε2

1− ε2
− 1− ε1

1 + ε1
e−(2n+1)τ0

)
cosh τ0

]
· Aρ

n

+ (n + 2)

(
1− ε1

1 + ε1
e−(2n+2)τ0 − 1 + ε2

1− ε2
eτ0

)
· Aρ

n+1

= 4
√

2a sinh τ0 e−(2n+1)τ0,

Aρ
0 ≡ 0, n = 1, 2, . . . ,

and analogously for Az
n

n

(
1− ε1

1 + ε1
e−2nτ0 − 1 + ε2

1− ε2
e−τ0

)
· Az

n−1

+

[(
1 +

1− ε1

1 + ε1
e−(2n+1)τ0

)
sinh τ0

+ (2n + 1)

(
1 + ε2

1− ε2
− 1− ε1

1 + ε1
e−(2n+1)τ0

)
cosh τ0

]
· Az

n

+ (n + 1)

(
1− ε1

1 + ε1
e−(2n+2)τ0 − 1 + ε2

1− ε2
eτ0

)
· Az

n+1

= 2
√

2a (cosh τ0 − (2n + 1) sinh τ0) e−(2n+1)τ0,

Az
−1 ≡ 0, n = 0, 1, . . . .
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Note the linear system for Aρ,z
n is three-diagonal, which allows to solve

it quite fast using well-known linear algebra tools. To check the series
convergence one may use the “sum rule”

∞∑
n=0

Az
n = 0,

being a consequence from the Gauss law∮
E0 · dS = 0.

3 Results and discussion

After deriving explicit formulas for the electromagnetic field intensity one
may investigate its dependence on the observation point, on the system
geometry and on the incident light wavelength. As an example, we have
taken for analysis the following system: silver probe, gold wafer, and air
medium, have fixed the incident angle θi = 45◦ and the P-polarization of
the incident light (except for the item 2), and have made the following
numerical simulations:

1) First of all we fix parameters d=3nm, R=100 nm and study the field dis-
tribution in the XYZ space near the probe tip. The intensity dependence
on the Z coordinate directly under the probe (X=0 nm, Y=0nm) is very
weak which is illustrated on Fig. 2. The intensity dependence on the X
coordinate at Y=0nm, Z=1nm is presented on Fig. 3 while the intensity
2D distribution at Z=1nm is presented on Fig. 4, both for wavelengths
653 nm and 775 nm. One can see explicitly the characteristic resonance
behaviour on Fig. 3 with damping length ` ≈

√
2dR ≈ 25 nm (this for-

mula works quite well for the case d ¿ R ¿ λ), and the geometrically
shadowed region on the right-hand side of the probe on Fig. 4.

2) Then we fix parameters d=3nm, R=100 nm, the observation point
X=0nm, Y=0 nm, Z=1nm and study the field intensity behaviour un-
der the incident light polarization rotation for wavelengths 653 nm and
775 nm . The result is presented on Fig. 5. One can see the strong
intensity reduction on changing the P-polarization to S-polarization.

3) Then we fix parameter R=100 nm, the observation point X=0nm,
Y=0nm, and study the field intensity directly on the probe tip as a func-
tion of the probe-wafer distance d for wavelengths 653 nm and 775 nm.
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Figure 2: Local field intensity dependence on the observation point directly under the
probe tip (logarithmic scale). Here R=100 nm, d=3nm, X=0nm, Y=0nm; incident light
wavelength: 653 nm and 775 nm.
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Figure 3: Local field intensity dependence on the observation point (1D-plot, logarithmic
scale). Here R=100 nm, d=3nm, Y=0nm, Z=1nm; incident light wavelength: 653 nm
and 775 nm. Resonance damping length ` ≈ 25 nm.
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Figure 4: Local field intensity dependence on the observation point (2D-plot, logarithmic
scale). Here R=100 nm, d=3nm, Z=1 nm; incident light wavelength: 653 nm and 775 nm.
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Figure 5: Local field intensity reduction (logarithmic scale) at the incident light polar-
ization rotation from P (ϕ = 0) to S (ϕ = ±90). Here R=100 nm, d=3nm, X=0nm,
Y=0nm, Z=1 nm; incident light wavelength: 653 nm and 775 nm.
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Figure 6: Local field intensity dependence (logarithmic scale) on the probe-wafer distance
d. Here R=100 nm, X=0 nm, Y=0 nm; incident light wavelength: 653 nm and 775 nm.
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The result is presented on Fig. 6. One can see high field amplification for
the resonance distances determined by the Malshukov formula for “gap
modes” (see [5]):

dres ≈ 2R

(
1

Re εAu(λ)
+

1

Re εAg(λ)

)2

4) Finally we fix parameters d=3nm, R=100 nm, the observation point
X=0nm, Y=0 nm, Z=1nm and study the field intensity behaviour under
the incident light wavelength λ. The result is presented on Fig. 7. The
dependence is extremely irregular (which caused, most of all, by an irreg-
ular behaviour of functions εAu(λ) and εAg(λ)), and one can see that to
provide the high field intensity amplification the incident light wavelength
should be tuned much accurately.

4 Conclusions

In the electrostatic limit using the approximation of homogeneous medi-
ums we have calculated the electromagnetic field intensity distribution
in the probe-wafer configuration. Our analysis shows that the local field
intensity enhancement under the probe tip can be 108 or higher at the
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Figure 7: Local field intensity dependence (logarithmic scale) on the light wavelength λ.
Here R=100 nm, d=3 nm, X=0nm, Y=0nm, Z=1 nm.
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resonance point, which allows one to obtain good Raman signal from very
small specimens, up to a single molecule.

We have shown that to obtain high signal amplification one should fit accu-
rately the incident light wavelength or/and the probe-wafer distance, both
being strongly dependent on probe and wafer materials and system geo-
metrical parameters. Also it is quite important to provide the excitation
light polarization being parallel to the plane of incidence (P-polarization).
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